We construct a Dirac equation that is consistent with one of the recently-proposed schemes for relativistic transformations with two observer-independent scales (a velocity scale, still naturally identified with the speed-of-light constant, and a length/momentum scale, possibly given by the Planck length/momentum). We exploit the fact that in the energy-momentum sector the transformation laws are governed by a nonlinear realization of the Lorentz group. We find that the nonlinearity, which is due to the introduction of the second observer-independent scale, only induces a mild deformation of the structure of Dirac spinors.
After more than 70 years of study [1, 2] the "quantum-gravity problem", the problem of reconciling/unifying gravity and quantum mechanics, is still unsolved. Even the best developed quantum-gravity theories [3, 4] still lack any observational support [5, 6, 7] and are still affected by serious deficiencies in addressing some of the "conceptual issues" that arise at the interplay between gravity and quantum mechanics 1 . One can conjecture that the lack of observational support might be due to the difficulties of the relevant phenomenology [5, 6, 7] and that the conceptual issues might be eventually settled, but it is also legitimate to take as working assumption that all quantum-gravity theories so far considered are incorrect. At present it is even conceivable that the empasse in the study of the quantum-gravity problem might be due to the inadequacy of some of the key (and apparently most natural) common assumptions of quantum-gravity approaches. One of us recently proposed [9] an alternative path toward quantum gravity based on the possibility that Lorentz symmetry, usually assumed to be unaffected by the interplay between gravity and quantum mechanics, is deformed by the presence of the Planck length L p (L p ∼ 10 −33 cm): "special relativity" would be replaced by a "doubly special relativity", in which, in addition to the familiar 2 velocity scale c, also a second scale, a length scale λ (momentum scale 1/λ), is introduced as observer-independent feature of the laws of transformation between inertial observers. λ can be naturally (though not necessarily) identified with the Planck length.
The fact that in some doubly-special-relativity scenarios the scale 1/λ turns out to set the maximum value of momentum [9, 10, 11] and/or energy [12, 13, 14, 15, 16] attainable by fundamental particles might be a useful tool for quantum-gravity research. In particular, it appears likely that [9, 14] the idea of a doubly special relativity may find applications in the study of certain noncommutative spacetimes. Moreover, while the deformation is soft enough to be consistent with all presently-available data, some of the predictions of doubly-special-relativity scenarios are testable [9, 13, 17] with forthcoming experiments [18] , and therefore these theories may prove useful also in the wider picture of quantum-gravity research, as a training camp for the general challenge of setting up experiments capable of reaching sensitivity to very small (Planck-length suppressed) quantum-spacetime effects.
Some of these testable predictions, which concern spin-half particles, have been obtained at a rather heuristic level of analysis, since, so far, no DSR formulation 3 of spinors had been presented. We provide here this missing element of DSR theories. We focus on the specific DSR scheme used as illustrative example in the studies [9] that proposed the DSR idea, but our approach appears to be applicable to a wider class 4 of DSR schemes, including the one recently proposed by Maguejio and Smolin in Ref. [12] and the wider class of DSR schemes even more recently considered in Refs. [14, 15] . In fact, in all these DSR schemes the introduction of the second observer-independent scale relies on a nonlinear realization of the Lorentz group: the generators that govern the rules of transformation between inertial observers still 1 Examples of these conceptual issues are the so-called "problem of time" and "backgroundindependence problem" [8] . 2 In presence of an observer-independent length scale the fact that our observations, on photons which inevitably have wavelengths that are much larger than the Planck length, are all consistent with a wavelength-independent speed of photons must be analyzed more cautiously [9] : it is only possible to identify the speed-of-light constant c as the speed of long-wavelength photons.
3 From here onward "DSR" stands for "Doubly Special Relativity".
satisfy the Lorentz algebra, but their action on energy-momentum space is modified. This does not appear to be a necessary feature of DSR theories, but it does characterize all DSR schemes so far considered and it plays a central role in the structure of our proposal. Another key aspect of our analysis is the fact that it is fully formulated in energy-momentum space, where the DSR schemes so far considered appear to admit a rather intuitive physical interpretation. The spacetime sector of these DSR schemes requires more caution, especially in light of the possible emergence of noncommutative geometry (whose operative understanding is still under investigation [9, 21] ) and the subtleties that DSR introduces [14] in the structure of the duality between spacetime and energy-momentum space.
In preparation for our analysis of a DSR formulation of the Dirac equation it is useful to briefly review the structure of the ordinary Dirac equation. We revisit and describe the ordinary Dirac equation in a way that will provide a useful starting point for our DSR deformation. The approach we adopt is based on the one of Ref. [22] . We start by introducing operators − → A and − → B that are related to the generators of rotations, − → J , and boosts, − → K , through
The usefulness of these generators − → A and − → B reflects the familiar relation between the Lorentz algebra and the algebra SU(2) ⊗ SU(2). In fact, from the Lorentz-algebra relations for − → J and , 0) and their transformation rules for generic Lorentz-boost "angle" (rapidity) − → ξ and rotation angle − → θ are
where − → σ denotes the familiar 2×2 Pauli matrices. Analogously, right-handed spinors are labeled by (0, 1 2 ) and transform according to
In particular, under a pure Lorentz boost from the rest frame to an inertial frame in which the particle has spatial momentum − → p
and
where − → n is the unit vector in the direction of the boost (and therefore characterizes the direction of the space momentum of the particle) and on the right-hand sides of Eqs. (8) and (9) the dependence on momentum is also present implicitly through the special-relativistic relations 5 between the boost parameter ξ and energy E,
and (the "dispersion relation") between energy and spatial momentum
for given mass m of the particle. One must then codify the fact that left-handed and right-handed spinors cannot be distinguished at rest. One way to do this 6 relies on the condition ψ R (0) = ψ L (0), from which it follows that
where
Using Eqs. (10) and (11) it is easy to explicitate the dependence on the particle's energy-momentum which is coded in the ξ-dependence of Eq. (12) . This leads to the ordinary Dirac equation formulated in energy-momentum space
where γ µ are the familiar "γ matrices" and
The path we followed in reviewing the derivation of the ordinary special-relativistic Dirac equation provides a natural starting point for our announced deformation within the DSR framework. In fact, we relied exclusively on the algebric properties of the generators of boosts and rotations (the properties of the Lorentz algebra, 5 In order to render some of our equations more compact we adopt conventions with c → 1. This should not create any confusion since in DSR the speed-of-light constant preserves its role as observer-independent scale (but in DSR it is accompanied by a second observer-independent scale λ) and the careful reader can easily reinstate c = 1 by elementary dimensional-analysis considerations. 6 Since we are here only concerned with the basics of the DSR deformation of Dirac spinors, we take the liberty to set aside the possible phase difference between ψ R (0) and ψ L (0). 7 The space-time formulation of the Dirac equation is then obtained straightforwardly through Fourier transform: (iγ
without making use of the specific representation of the generators of boosts and rotations as differential operators on energy-momentum space that is adopted in special relativity) and on Eqs. (10) and (11), the ordinary special-relativistic relations between energy and rapidity (boost parameter connecting to the rest frame) and between energy and momentum. The algebraic properties of the generators of boosts and rotations remain unmodified in the DSR scheme considered in Refs. [9] (and in the other DSR schemes considered in Refs. [12, 14, 15] ). In fact, the nonlinearity needed in order to introduce the second observer-independent scale is implemented by adopting a deformed representation as differential operators on energy-momentum space of the generators of boosts and rotations, but these deformed generators still satisfy the Lorentz algebra. Therefore in the derivation of the Dirac equation the only changes are introduced by the DSR deformations of the relations between energy and rapidity and between energy and momentum.
In the DSR scheme considered in Refs. [9] , on which we focus here, the relation between energy and momentum (the dispersion relation) is
The relation between rapidity and energy that holds in the DSR scheme considered in Refs. [9] , can be deduced from the structure of the corresponding DSR-deformed boost transformations, which have been studied in Refs. [9, 11] . Focusing again on a pure Lorentz boost from the rest frame to an inertial frame in which the particle has spatial momentum − → p ≡ | − → p | − → n one easily finds [11] 
Therefore the boost parameter ξ can be expressed as a function of the energy using
In the DSR derivation of the Dirac equation the Eqs. (16) and (18) must replace the Eqs. (10) and (11) of the ordinary special-relativistic case. All the steps of the derivation that used the algebra properties of the boost generators apply also to the DSR context (since, as emphasized above, the Lorentz-algebra relations remain undeformed in the DSR scheme considered in Refs. [9] , and in the other DSR schemes considered in Refs. [12, 14, 15] ).
We are thefore ready 9 to write down the DSR-deformed Dirac equation:
8 The dispersion relation (16) adopted in the DSR scheme considered in Refs. [9] might deserve special interest since it had already appeared in the mathematical-physics literature on deformation of the Poincaré algebra [23, 24] , where it corresponds to the so-called "deformed mass casimir", and in work on a quantum-gravity approach based on noncritical string theory [25] . 9 We obtain here the DSR-deformed Dirac equation for the four-component spinor ψ( − → p ). We take some liberty in denoting with ψ R ( − → p ) two of the components of ψ( − → p ) and with ψ L ( − → p ) the remaining two components. In fact, especially if, as suggested in Refs. [9, 14] , the DSR deformation should rely on a noncommutative spacetime sector the action of "space-Parity" transformations on energy-momentum space and on our spinors might involve some subtle issues [21] . The labels "R" and "L" on our DSR spinors are therefore at present only used for bookkeeping (they are reminders of the role that these components of the DSR Dirac spinor play in the λ → 0 limit).
Introducing
the DSR-deformed Dirac equation can be rewritten as
where again the γ µ are the familiar "γ matrices". The nature of this DSR deformation of the Dirac equation becomes more transparent by rewriting (22) taking into account the DSR dispersion relation (16) :
In particular, as one should expect, in the limit λ → 0 one finds
and the familiar special-relativistic Dirac equation is indeed obtained in the λ → 0 limit. It is also easy to verify that the determinant of the matrix (
where the last equality on the right-hand side follows from the DSR dispersion relation. Our DSR-deformed Dirac equation of course leads to the DSR-deformed Weyl equation in the case of massless particles. In terms of the "DSR helicity" of our massless spinors one finds: , is very small (λ-suppressed, Planck-length suppressed) for low-energy particles, and in particular the difference vanishes in the zero-momentum limit. Still it is plausible that the new effects might be investigated experimentally in spite of their smallness, following the strategy outlined in the recent literature [5, 6, 7] on the search of Plancklength suppressed effects. In particular, the sensitive context of neutrino oscillations should be considered from this perspective.
